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*SERIES REPRESENTATION OF GENERALIZED TEMPERATURE FUNCTIONS* 

Deborah Tepper H a i m o  

1. Introduct ion:  

I n  a recent  paper  [61, the  author eetabllshed 

cri teria f o r  the expansion of a so lu t ion  of the general ized 

heat equation 
t 

Y a fixed p o s i t i v e  number, I n  a series of polynomial 

s o l u t i o n s  Pn,v (x, t ) , where 

n 

See a l s o  L l ] .  'It I s  our present  goa l  t o  establish that 

these same cr i te r ia  are necessary and s u f f i c i e n t  f o r  the 

of a aolu t ion  of (1.1) 
, Analogous theorems f t 

equation are derived in 1103. .. 

. .  
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For computational purposes, these resul ts  provide a 

useful means of evaluat ing those so lu t ions  which have Maclaurlp 

series expansions. 

an i n f i n i t e  c i r c u l a r  cyl inder ,  f o r  example, the temperature 

satisfies the equation 

I n  the  case of the radial flow of heat I n  

1 a u  b U  2 

b X  
a u  7 (XYt) + xbt ( x , t )  - fl ( X A ,  0 < x < a (1 .3)  

I f  the su r face  x = a I s  kept at  zero temperature so t ha t  

(1.4) !l(a,t) - 0 
and i f  the I n i t i a l  temperature is given by 

then 

C2;7.4-7.6]. Since u(x, t )  can be ahown t o  satispY t h e  

c r i te r ia  of ou r  theory,  it may a l s o  be expressed I n  the 

simpler form of a double Maclaurin series. 
, 
? 

2. Defin i t ions  and prel i rninaw results: 1 

1 The fundamental so lu t ion  of the general ized heat 

equation (1.1) i s  t h e  function Q(x,y; t )  given by 





t . 4  

* .  a .  belongs to the 

.' - - .  if and only if 

~ ._ ~ - 
. .  * 

/ 

3. P 

Definition 2.38 A C2 eolution u(r,t) o f  (1.1) 

such that I 

. *  
4 

, 
(2.4) u(x,t) - G(w;t - t ' )  U(?,*') y ( r )  . 9  . .  ' , . *  , 

I 

t ,  
0 

. *. where 

X 2 J  dx , 2*3 
, .  

dr - l- (9 +)4) ". * 

I \ . :  ' the integral converging absolutely for every t, t', 

a t' < t 4 b, l e  said to  have the Husgene property for . ' 
. +  

/ ' a  4 t < b We denote by H* the class  of such ftmctiona. , . .  

FPp0rf;Pat in this study. ~. 

t ,  . 

' t  We deecribe next a aubclaae of even eatbe f u i l O t i o s P  
- I ,  

, .  . .\ 

Definition 2.4; A n  even eatire f'unot'ioo . . I  

L . 
/ '  , I .  

!- 

- .  4 

I . -  8 Q) 

7 a I .  

q w  -L s3E. 
n-o 

b (2.5) 

. .  k ,  

. *  

, .  - 
! , .  

6 T o  . *  
-.I - Yn 

(2.6)' .4i.ln l \ l  
nI+a " f  

Note t ha t ' t h i s  no ta t ion  refers t o  cp(x) as a func t ion  .' 

a l e n t  customary n o t a t i o n  would be 

(*.,TI f o r  the growth of cp(x) considered as a funct$on 

. *  . 
,. . 
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An appeal to lemma 3.3 of C63 yields, for eny 

dominating series 

F> 0, the , . .  
. .  

:I 
. I  

. ' ,  which converges f o r  It1 + 8 4 re. By taking . 4 ,. 
. ,- .  

, /. arbitarily d o s e  to sero and 8 near 1, we have 

Y,--  established the absolute convergence p f  the eerie8 ' .L 

, * $  

If the series (3.1) were to oonverge for 8ome point 

r .. 

' I  

.' , .  
- '  . 
' _ ,  .. , - 

I .  

. .  . 
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. .  . .  
. .  6 0  . I  

0 $' . 

. .  tr 
l 

or, by Stlrling'e formula, 
, 

' .  
I. l/n - 

. ,  
1 %I 1 'mq O .  

tim - s n n+a, 
(3.5) 

Slnoe Ito\ > 0. , th is  contradict8 hypothesis (302)0. ' 

4. Seriee expansion: . ,  

Ue now establish our prlnoipaz result. * '  

. .  
THX)REM 4.1, A aolution u(x,t) of the general- 

equation (1.1) has the Placlaua exgansion 

. .  

. 
/ .  . ' I  I '  I ., 

ao. 
I 

9 '  . 
2n 2a ta 

a, .. 

Z %+a 
mmo 

Z. n!T;;+*n> 
n=o 

. I  
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with the integral converging absolutely. We Choo8e t ' >  O e  

How, aubetituting for G(x,y; t+t') its aeries expansion 

(2.31, we have, prOVkbd termwise integration ie valid, . $  

Q) Q) 

' The validity of this  result may be verified by an appeal 

I .  t o  lemmas 3.4 and 4.7 of C 61. Henoe 

1 
i ... ' .  

I .  

with the eerie8 converging for It\ 4 . 
, Since u(x,t) as given by (4.3) i o  an analflic 

.a 

function of x, ae established in %heorem 3.2 of C43, we 

' . .  . ,  
' ,  

. ,  

! .  *. . .  

differentiate u(x,o), with respect t o  x eucoess&+el;l 

2n t inea*  taking the derivative under the iategral ai@. 
. .  * >  1 I 

L .  

' .  
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Then, applying 

' . (4.6), we have 

' B k '  

lemma 2.1 and comparing the reeult Glth 

the determination (4.2) for the ooeff&clente 

Conversely, t o  prove the necessity of the oondltione, 

a s m e  that a eolutlon u(x,t) hae the series expanelon 
, .  



,/ 

OD 
I 

' ,  

' .  

/ = u(x,t) 6 

I .  . * I  

'":' Change8 in order of eummatlon at each etep a r e  verifiable. 
. ,  

Hence, by definition 2.3,  u(r,t) t H* for I t [  <v , 
i x i  (b By theorem 3.1 of (41 u(r,t)  6 .  H* for . ,  

2 .. I .  . .  
I .  

I '  

* Y  
, 0 S x 4 a, and the proof i s  oomplete. 

' I  dn example illustrating She theorem i s  given by . I ,  

. :~ 
- 1  2 

* .( - ea J (ax) which belongs t o  H* for ' 

. .  
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Bow, ruccesaive kpplication of the operator d, give8 

. 1 'I Subetitutlng (5.4) In (5.2), we find that 
i .  . . .  . .  

- .  Q) 

- 0  

-. .. , a  t .  

t 1 . .  . .- Hence, it fOllOW8 from definition 2.4 that f(r) is o f  
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COROLLBRP 5.2. If u(x,t)C E* for It1 CP , 
I then u(x,to), \to\ <v le an even entire f'unetlon of . 

1. 1 
growth $(v- ItJ] 

< I  - Proof: A Maclaurin expansion of u(x,t) valid f o r  

. .  1 t I 4 implies a, Taylor  expansion about ( O , t o )  valid 
. 8 ,  

for It-tol < F- r t o l  . If we se t  t-to - t+ in the 

l a t t e r  series, then by theorem 4.1, u(x,t*+to) C H* * 

\ for . 

I t+\  < 6 - \tal 
establishes the corollary. 

and an applioation 

CQBOLLgRY 5.3. There exists a 

- _  ture function u(x,t) whioh l e  equal 

\ of theorem 5.1 
f* 

I _  

generalized tempera- \ 

t o  i t s  Placlaurin 

,. 
. .  % eerie6 in the s t r ip  1 t 4 fP and which reduces . to f(x) . "  

'* . ,  for  t 0 if and only if f(x) is an even entire m o t i o n  . 

1 . .  
1 

, 1 02 growth .(l, E ) .  
.- * .  

. .  ' - Proof: That the condition l e  necessary is estab- 

' lished by theorem 5.1. To prove sufiiciency, we aamme' 

. . that f(x) is an even entire m o t i o n  of growth (1, &I 

. .- 
, I  

4 .  

e .  
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Then, a0 (5.4) 

I .  
I .  

i 

Now oonsider the eer+ , I  

. . .  I 
1 

Q) 

tk f(x) - b 
k! 

. >  3 '  

! e 8  

1 -  

I .  
and consequently the series (5.9) may be ahown to  oonverge 

, absolutely for \t (0' and represents there the 
* .  

) .  . 

tlie function 

i 

. . '  - ie an even entire function of growth (1, i ) b  be oorollerJr 
. >  



.. . . . .. . .  . . _  

' 8 ' function u(x,t) = G(x; t+ i )  where 
\. 

----- -. . 
- I  * 

L Q) Q) 
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